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ABSTRACT

In this research work, a new method of solving Poisson equations using Artificial Neural Networks (ANN) was
employed. Literature reveals that many works have been done in this area, but most conventional methods of solution
depend on weight updating to finding approximate solutions, which actually are cumbersome in nature. The new
method uses a systematic procedure in obtaining the weights, and bypasses weight updating. As the method aims at
minimizing the error in approximation, which is a function of the network parameters, weights and biases, the use of
MathCAD 14 software slightly adjusted the intrinsic biases only, which are involved in solving Poisson equations.
Feed-forward Multilayer Perceptron Neural Network (MLPNN) was employed, but this method avoids the standard
back-propagation algorithm which involves weight updating. Here, a three-layer perceptron neural network, with
two input units, nine hidden units and one output unit was adopted. The neural network is trained to achieving
convergence with an acceptable minimum error. Poisson equation was considered, and Gaussian Radial Basis
Function (GRBF) approximation model was applied to achieve the objective. The result of the research work was
compared with exact and existing neural network results which are in good agreement. The major advantage here is
that the novel artificial neural networks procedure applied in this study demonstrated quite clearly the function
approximation capabilities in maintaining satisfactory accuracy.
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1. Introduction

A new perspective for solving Poisson equations using Artificial Neural Network (ANN) is presented. This
is an extension of the procedure developed by (Okereke, 2019), (Okereke and Maliki, 2020, 2021),
(Okereke et al, 2021), and (Okereke, 2024). This novel approach was extensively dealt with, but was limited
to ordinary differential equations and boundary value problems. This research work extends this new
approach to partial differential equations (PDE), which has a number of advantages over standard numerical
methods. Neural network methods rely on the function approximation seen in feed- forward neural networks
that results in a solution written in an analytic form which has unlimited differentiability (Principe et al.,
1997). So, Poisson equations are being solved via neural network, with the help of GRBF approximation.
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The major advantage here is that the method reduces considerably the computational complexity involved
in weight updating, while maintaining satisfactory accuracy.

1.1 The Structure of Neural Network

A neural network is an inter-connection of processing elements, units or nodes, whose functionality
resemble that of the human neurons. The processing ability of the network is stored in the connection
strengths, simply called weights, which can be obtained by a process of adaptation to, a set of training
patterns (Graupe, 2007). Neural network methods can solve both ordinary and partial differential
equations. Furthermore, it relies on the function approximation property of feed-forward neural
networks which results in a solution written in a closed analytic form. This form employs a feed-forward
neural network as a basic approximation element. Training of the neural network can be done either by
any optimization technique which in turn requires the computation of the gradient of the error with
respect to the network parameters, by regression-based model or by basis function approximation.

1.2 Mathematical Model Of ANN

ANNSs are constructed with layers of units, which are termed multilayer ANNs. A layer of units in an ANN
is made up of units that perform similar tasks. First layer of a multilayer ANN consists of input units. These
units perform similar tasks as independent variables in statistical literature. Last layer contains output units
known as dependent or response variables in statistical nomenclature. Between input and output units in the
model are other units called hidden units and constitute hidden layers.

Each input is weighted before reaching the main body of a neuron N, by connection strength or weight

factor W; for j=1,2,...,n. In addition, it has a bias b orWy, which helps the model to shift the activation

function towards the positive or negative side in order to incorporate functions passing outside the origin.
A function f(s) acts on the produced weighted signal. This function is called an activation function.

Mathematically, the output of the i neuron N. is given by;

O = f{wo+znlwijxj} (1)

(Yadav et al., 2015).

1.3 Function Approximation

The potentials of function approximation is used in this work which attempts to describe the behaviour of
very complicated functions by sets of simpler functions. The concept of function approximation can be
stated briefly as follows;
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Let f(x) be a real function of a real valued vector x =[x, X,...X ]T that is square integrable inRR .
The goal of function approximation is to describe the behaviour of 1(x) in a compact area s <& of the input
space, by a combination of simpler functions ¢ (x), i.e.

R N
f(xw)=> wg (x) )
i=1
where W, are real valued constants such that
() f(xw)<e 3)

and where ¢ can be made arbitrarily small. The function f (x,w) is called an approximant to f (x). When we
obtain the elementary functions, {qi, (x)} , we linearly combine them such that
£ () - (xw)|<e

is made as small as possible (Principe et al., 1997)
1.4 Universal Approximation Theorem for Multi-Layer Perceptron (MLP)
The universal approximation theorem for MLP, which was proved by (Cybenco,1989) and (Hornik et al.,

1989) in 1989 is stated as follows: Let |, represents n — dimensional unit cube containing all possible input
samples x, that is, X, €[0,1],i=12,...n ,and C(1,) be the space of continuous functions on I, . If &()
is a continuous sigmoid function, then the finite sums of the form

Ve =yk(x,w)=iwfia(zn:m/§xjj k=12,.,m (4)
i=1 j=0
are dense in C(1,). In other words, given any f eC(l,) ande >0, there is a sum y(x,w) of the form

(4) that satisfies ‘y(x,w)— f (x)‘ <& forall Xel . As such, there always exists a 3-layer perceptron

that can approximate an arbitrary nonlinear, continuous, multi-dimensional function f with any desired
accuracy (Zhang, 2003).

1.5  Computation of Gradients with respect to Network Inputs

Boundary conditions in BVPs sometimes involve the derivative of the unknown function. This

directly affects the neural network solution which will require the computation of the derivative of the
neural network algorithm with respect to its inputs (Majidzadeh, 2011).

We now consider a multilayered perceptron with two input nodes, a hidden layer with m nodes, and one
output unit. For the given inputs x=(x,x,,... x,), the output is given by

N (X, p)=ivja(zj) (5)
j=1
wherez, =>"" w;x +u,,w; denotes the weight from input unit i to the hidden unit j, v, denotes weight from

the hidden unit j to the output unit,  denotes the biases, and o(z)) is the sigmoid activation function. The

derivative of the network output  (x p) With respect to input vector x is given by
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ax a {Zw(z )j zvjwj,a“ (6)

Where o® = a(g—(z). Likewise, the k™ derivative of N is computed as follows:
X

k m
NSyl @
i j=1

where o = a(zj )and o™ denotes the k™ order derivative of sigmoid activation function.

2 General Formulation For Differential Equations

We consider the following general differential equations which represent both ordinary and partial
differential equations Majidzadeh (2011):

G(x¥ (%), Vy(x),Vp(X),..)=0, VxeD, (8)
subject to some initial or boundary conditions, where x=(x,,x,,... x,) € D = R"denotes the domain, and y (x)

is the unknown scalar-valued solution to be computed. Here, G is the function which defines the structure
of the differential equation, and v is a differential operator. Let y, (x p)denote the trial solution with

parameters (weights, biases) p . Lagaris et al. (1997) gave the following as the general formulation for the
solution of the differential equations (8) using ANN: The trial solution, ,, (x p)may be written as the sum of
two terms

v (% p)=A(X)+F (x,N(x,p)), (9)
where a(x)satisfies initial or boundary conditions and contains no adjustable parameters, whereas N (x, p)is
the output of feed forward neural network with the parameters p and input data x. The function (x,N(xp))

is actually the operational model of the neural network. Feed forward neural network (FFNN) converts
differential equation problem to function approximation problem. The neural network N(x, p) is given by

p):i"f’(zj) (10)
where
;= WX +U, (12)

W;; denotes the weight from input unit i to the hidden unit j, V; denotes weight from the hidden unit j to

the output unit, U; denotes the biases, and a(zj) is the sigmoid activation function.

2.1  Neural Network Training
The neural network weights determine the closeness of predicted outcome to the desired outcome. If the
neural network weights are not able to make the correct prediction, then only the biases need to be
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adjusted. The basis function we shall apply in this work in training the neural network is the sigmoid
activation function given by

o(z;)= (12)

3. Materials, Theory and Methods

3.1  Neural Network Method of Solving Poisson Equations

Partial differential equations involve two or more independent variables. Here, only two-dimensional
problems involving only two independent variables are considered.

Lagaris et al (1997) proposed a fixed or Dirichlet boundary conditions (BC) defined on the domain
[0,1]x[0,1] for such problems, which was also adopted in this new method. Also, a mesh of 100 points

which resulted in considering 10 equidistant points of the domain [0,1] of each variable was considered.

Similar to the work done by (Okereke, 2024), a MLP was adopted, but here with two input units
(accepting the coordinates of xandy of each point), 9 hidden units of the hidden layer, and one output

unit. For Poisson equation

2 2

%¢(x,y)+%¢(xw= fF(xy), (13)

xe[0,1],y €[0,1]

With Dirichlet Bcs:  #(®Y)= h(¥).o(Ly)=Ti(y)and (14)
?(%.0)=0,(x) p(x1)=9:(x)
Lagaris et al, (1997) proposed a trial solution written as:

0.(%y)=A(%y)+x(1-X)y(1-y)N(x.y, p) (15)
where A(x,y) is chosen so as to satisfy the BCs:
A(%,y) = (L=X) () + XF,(y) + (A= ) {95 (x) [ A= %), (0) + xg, (D]} (16)

+y{9.00-[(L-%)8,(0) +x0, @]}

and N (X, y,‘p) is the neural output of the feed forward network with two input data x and y and parameters p

(p represents the parameters — weights and biases). To solve this problem using neural network (NN), a

NN architecture with three layers - one input layer with two neurons; one hidden layer with nine neurons
and one output layer with one output unit was employed as shown in figure 3.1. Each neuron is connected

to other neurons of the previous layer through adaptable synaptic weights W;, from the input layer to the

hidden layer, v;, from hidden layer to the output layer and biases U;. With

N(xi,yi,p):gvja(zj), (17)
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3 (18)

Vio(2,) =% (2,)+V,0(2,) +V,0(2;) + ..+ V40 (2, )1

where
L = XWyy + YWy, +U;, 2y = XWp, + YWo, +U,, (19)
Zy = XWig + YWoq +Us, ...y Zg = XWg + YWoq + Uy

In finding solutions to any partial differential equation, a check that the trial solution satisfies the
boundary conditions, in this case the Dirichlet conditions is carried out. f(x) is found such that w=¢'f;

and v=¢'f; where w and v become vectors with the coefficients, f is a matrix composed of the values of
the functions at the N points, and ¢ the matrix with entries given by values of the elementary functions at

each of the N points in the domain.

Inputs Hidden Layer Output

Figure 3.1 Schematic for N(x,y, p) [X. % X ]x[¥.. ¥, ¥;]=[0.0,0.5,1.0]x[0.0,0.5,1.0].
To compute the weights w;, i, j=1,2,3 from the input layer to the hidden layer (Figure 3.1), a function

F(xy) is constructed such that w=¢™F , where (xy)=[x,x,x] x[y.y,y] are the coordinates of

W, (01()(1) (02()(1) (/’N(Xi) " f, f, o fy
@

Wy (/)1(XN) §02(XN) (/)N(XN) le f12 fNN
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To obtain the weights, v;, j=12,..,9 from hidden layer to the output layer, another function F,(x,y) also is
constructed such that v=¢'F,, (x,y)=[%,%.%] x[¥: Y., ¥, And

-1

Vi ¢71(X1) ¢72(X1) (pN(Xi) f, fp - fiy
@

Vol le(x) @(X) - on(X)] [fue f2 o f
The exact form of F,(x,y) depends on the nature of a given differential equation. So, an algebraic equation
is formed based on the default sign of the differential equation. Therefore,
F.(x,y)=ax’ +bxy+cy’ +dx+ey +g, where a,b,c,d,e, and g are arbitrary constants. Also, F,(x,y) is computed
using the forcing function of the differential equation.
And Using a set of functions, {gﬁi (x)} called the elementary functions, yields.

¢&w=WpF¥;§l], (22)

o

where azzﬁi(xi_x)zzﬁ_n (v,-y) (23)

i=1 i=1

is the variance of the input vectors x y, and

Ly x=y (24)

X=—
N =

The above is the so-called Gaussian Radial Basis function (GRBF) approximation model.

4. Results and Discussion

The main results which demonstrated the efficiency of the proposed neural network in solving Poisson
Equations is presented here. Numerical Example solved by Lagaris et al, (1997) using neural network
algorithm that updates all the parameters- weights and biases, is presented here with a method that bypasses
weights updating, but slightly adjusts the biases. Solve the equation

ou du .

y+$:e (x—2+y +y),x,ye[0,1] (25)
with the Dirichlet BCs:
u0,y)=y* u@@Ly)=(1+y*e™" and u(x,0)=xe*, u(x,) =e *(x+1)  (26)
Implementing the BC below:
u@,y) = f,(y), u@y)=f,(y) and u(x,0)=g,(x), u(x,1) = g,(x) , we have exact solution:

Uy (x,y) =e7(x+Yy’) (27)
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Neural network trial solution:

u, (%, y)=AXYy) +xAL-x)y@d-y)N(x, Y, p) (28)
where
AX, y) =(1-x) fo(y) +xf.(y) +A-Y) {QO(X) _[(1_ X)9,(0) + Xgo(l)]} 29)
+y{9,(x)-[(1-%)g,(0) + xg, W) ]}
Applying the BCs gives
Uy (X, y) =(@=x) Yy’ +x@+y*)e™ +(1-y)x(e ™ —e™) )

+y[(1+ x)e " —(1-x+ 2xe’l)] +X(@A-x)y@-y)N(x,y, p)
The trial solution satisfies the BCs, therefore we consider the left hand side of the partial differential
equation (25) and form an algebraic equation with the default sign. We shall use the GRBF here for the
weights as demonstrated by (Okereke, 2019).
First, let F,(x)=ax®+bxy+cy”+dx-+ey+g, where a,b,c,d,e, and g are arbitrary constants.
From the left-hand side of equation (i), a=1,b=0,c=1 d=0, e=0,and g=0
Therefore, F(x,y;)=x>+Yy;, i,j=123; x,=0.0,0.5,1.0; y, =0.0,0.5,1.0.

With (%, Y,) =[%, %, %] %[ s ¥ Y] =[0.0,05,1.0]x[0.0,05,1.0]

0.00 0.25 1.00
F(x,y)={0.25 050 1.25
1.00 1.25 2.00

F (%, y;)=e" (% —2+y;+6y;), i,j=12,3; x =00,0510; y;=0.0,05,1.0

Therefore,
—2.0000 1.1200 5.0000
F,(x,y;)=|-0.9098 0.9856 3.3359
—-0.3679 0.7817 2.2073

2

2
0, (%0 y,) = 2exp A -vl) i,i=123 x =00,0510; y,=0.,0.510. Thus,
20

2.0000 0.4395 4.6660 -0.11 -0.034 0.265
(oij(xi,yj): 0.4395 2.0000 0.4395 |, (o’l(xi,yj): -0.034 0515 -0.034|.And
4.6660 0.4395 2.0000 0.265 -0.034 -0.11

-011 -0.034 0.265)/000 025 1.00| | 025 0286 0.377
Wij:q)’lflz -0.034 0515 -0.034]025 050 125|=| 0095 0.207 0542 i=12 j=12..9
0.265 -0.034 -0.11)/1.00 125 200| |-0.119 -0.089 0.0017

Where f, =F(x;,Y;). Also,
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-0.11 -0.034 0.265)-2.0000 1.1200 5.0000| | 0.154 0.05 -0.08
v, =¢'f,=|-0034 0515 -0034|/-0.9098 0.9856 3.3359 |=|-0.388 0.443 1473, j=12,.9
0.265 -0.034 -0.11)]-0.3679 0.7817 2.2073| |-0.458 0.177 0.967

where f, =F,(x,y;)and i, j represents the number of input units and the number of neurons in the hidden

layer respectively. The biases are fixed between —1.0 and 2.0. The network is trained with the available
parameters using the MathCAD 14 algorithm (computer output). The MathCAD 14 Algorithm is displayed
in Appendix A, for a better visibility and understanding of the equations. The result from the developed
model which was executed by MathCAD 14 shows almost a perfect match with the exact result as can be
seen in Table 4.1 below. Looking closely at Table 4.1, it can be seen that it is only at point (0.5,0.5) that a
small deviation occurred. This result was also compared with the existing neural network result mentioned
in this work, and found to be a better approximation. See also Table 4.2. Let the existing neural network
solution be denoted by U, (x,y).

Table 4.1 Comparison of Exact and Predicted Results

X Y [ Ug(xy) |U,(xy) | Deviations
U, -U,
0.0 00 |0.0 0.0 0.00
0.0 0.5 ]0.125 0.125 0.00
0.0 1.0 |[1.00 1.00 0.00
0.5 0.0 ]0.303281 |0.303281 |0.00
0.5 0.5 0.379101 | 0.3791 1.5x107*
0.5 1.0 |0.909843 |0.909843 | 0.00
1.0 0.0 ]0.367918 |0.367918 |0.00
1.0 0.5 ]0.413907 | 0.413907 |0.00
1.0 1.0 |0.735835 |0.735835 | 0.00

The result in Table 4.2 was also simulated to have better view of the comparisons. See Figure 4.1. The
closeness of the result from the novel approach to the exact was established.
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Comparison of exact-Ud, with predicted-Up and
existing-Ue, neural network results

3.5
3
2.5
2
1.5
1
0.5
0
1 2 3 4 5 6 7 8 9
e e—p Ue

Figure 4.1 Comparison of Exact Result with Predicted and Existing Neural Network Result

Table 4.2 Comparison of exact, predicted and existing neural network results

X y U, (% y) U,(xy) Deviations | U, (x,y) Deviations
U, -U, U, -U,
0.0 00 |00 0.0 0.00 0.000001 | 1.0x10°®
0.0 05 |0.125 0.125 0.00 0.124998 | 2.0x10°
0.0 1.0 |1.00 1.00 0.00 0.999996 | 4.0x10°
0.5 0.0 ]0.303281 |0.303281 |0.00 0.303261 | 4.0x10°
0.5 0.5 |0.379101 |0.3791 1.5x10* | 0.379076 | 5.0x10°
0.5 1.0 |0.909843 | 0.909843 | 0.00 0.909789 | 7.0x10°
1.0 0.0 ]0.367918 |0.367918 | 0.00 0.367873 | 6.0x10°°
1.0 0.5 ]0.413907 | 0.413907 |0.00 0.413857 | 7.0x10°°
1.0 1.0 |0.735835 |0.735835 | 0.00 0.735750 | 9.0x10°®

5. Conclusion

The novel neural network method presented here, which bypasses weights updating, closely approximates
the exact solution to the given Poisson equation, and performed even better than the convectional result
obtained by weights updating, as seen in the tables and the figure. However, this work can still be extended
to incorporate other types of partial differential equations not covered here, like heat, wave and Navier-
Stokes equation. It can also be extended to solving integral equations with some additional effort.
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APPENDIX A
MathCAD 14 Algorithm is displayed here for a better visibility and understanding of the equations.

Wi = 0236 Wiy = 0236 Wiz = 0377 Wi4 = 0.093 Wi5 = 0207 Wig = 0342

Wy7 = 0119 Wig = 0089 Wig = 0.0017

1
=
la
=1

4

Wiy = 0236 Wyy = 0236

3
e
[¥]

Wy = 0.093 w5 = 0207 W = 0342
wyy = 0119 wyp =008 Wag = 0.0017

vy = 0134 vy = 0.03 vy = —0.08 vy = —0.388 vy = 0443 Vg = 1473

Ty
a

vy= —0.458 Vg = 0177 Vg = 0.967

x=100 ¥y=03 uy=1 u; =-1 u; = 039201 u =1 u; =03 u, = -1

u; = 0.7439 -1 -1
! 'L'I.S = u‘EF =
I =WyE+ Wy + 1y = 1128 Iy = WyyE + WY + 1y = —0.857 I3 = WyyE + Woy¥ + ug = 0.38031
Iy =WigR+ Wy ¥+ uy = 1LMIS 75 = wisE+ WaosY + ug = 06033 Ig = WigE + WY + ug = —0.729

I =WypE+ Wory tuy= 06844 1 =wigu+ wogy+ug= 08333  zp = wygx + Wog'y + ug = 1.0D0S3

| 1
alzy| = _ 1 P
1+ E:{pl—“'ll-:{ - 'L'|.1 - “'21-}-'} 1+ Expl-_“-ll.x ~ ul ~ “-_Jl_v:, = 073347

1

alz| = _ 1 _ —
Mll 1+ E}Zp|—1.\'12-x - u-_J, - “'22-}-':' 1+ E:{pl._“-lj.x T “-.J.J.v:, = (0297067
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